Diffeomorphism Algebra Structure and Membrane Theory by Hoppe, Jens & Hynek, Mariusz
ar
X
iv
:1
10
8.
42
48
v2
  [
ma
th-
ph
]  
2 S
ep
 20
11
Diffeomorphism Algebra Structure and
Membrane Theory
Jens Hoppe*,#,∼ and Mariusz Hynek #,§
*Korea Institute for Advanced Study
#Royal Institute of Technology
∼Sogang University
Abstract
Explicit structure constants are calculated for certain Lie algebras
of vectorfields on 2-dimensional compact manifolds.
A central feature of M-brane theories is their diffeomorphism invari-
ance, which in a partially gauge-fixed light-cone description (leading
to a polynomial Hamiltonian and a Yang-Mills type matrix model
for membranes [1, 2])1 is reduced to volume preserving diffeomor-
phisms (VPD), i.e. diffeomorphisms (of the parameter space of the M-
dimensional extended object) that have unit Jacobian, i.e. generated
by divergence-free vector fields. Interestingly, volume non-preserving
diffeomorphisms (VNPD) (re)appear in this partially gauge-fixed de-
scription [1, 2, 3] in the reconstruction of the longitudinal field ζ that
(apart from the zero mode ζ0 and its conjugate degree of freedom η)
disappears in the Hamiltonian formulation. The relativistically in-
variant internal mass-squared involves only the (internal) transversal
coordinates ~xα6=0 and their conjugate momenta ~pα :=
∫
~pYα(ϕ)d
Mϕ
§mkhynek@kth.se
1see e.g. [5, 3] for reviews
(the Yα, together with Y0 = 1, being a complete, orthonormal set
of functions on the parameter manifold ΣM0 , conveniently chosen as
Laplace-eigenfunctions, ∆Yα = −µαYα):
M2 =
∞∑
α=1
~pα · ~pα +
1
M !
gαβ1,...,βMgαγ1,...,γM~xβ1 · ~xγ1 ...~xβM · ~xγM , (1)
gαα1,...,αM :=
∫
Yαǫ
a1...aM∂a1Yα1 ...∂aMYαMd
Mϕ.
Due to ζ satisfying (and, apart from ζ0, being reconstructed from)
∂aζ =
~p∂a~x
ηρ
(2)
(ρ being a non-dynamical density on ΣM0 of unit weight:
∫
ρdMϕ = 1)
Lα :=
1
µα
∫
∇aYα
~p
ρ
∂a~x (3)
-which is of the form
∫
fa~p∂a~xd
Mϕ with ∇af
a = −Yα (hence a com-
plete set of generators of volume non-preserving diffeomorphisms) is
(up to the constant factor η) identical to the α-component of ζ. As
shown in [6], the Poisson-bracket (if quantized: commutator) of the
generators (3) is ([α,α′] denoting antisymmetrization)
[Lα, Lα′ ] ≈ e[α,α′]ǫLǫ (4)
with
eαβγ :=
µβ − µγ
µα
dαβγ , dαβγ :=
∫
YαYβYγρd
Mϕ, (5)
≈ meaning ’modulo VPD’.
In this note we will calculate explicitely the structure constants of
the Lie algebra of vector fields on a 2-dimensional compact orientable
manifold, using as a basis the generators Lα, as well as φα := gαµν~xµ~pν
and (absent on S2) generators Hr :=
∫
ha(r)~p∂a~xd
2ϕ corresponding to
harmonic vector fields (∇ah
a
(r) = 0, ǫab∇
ahb(r) = 0, r = 1, ..., 2g, where
g is the genus of the manifold), satisfying
[φα, φα′ ] = gαα′ǫφǫ
[Hr,Hr′ ] = grr′ǫφǫ
[φα,Hr] = gαrǫφǫ
[Lα, Lα′ ] = e[α,α′]ǫLǫ + g˜αα′ǫφǫ + kαα′rHr
[Lα, φα′ ] = gαα′ǫLǫ + e˜αα′ǫφǫ + cαα′rHr
[Lα,Hr] = gαrǫLǫ + c˜αrǫφǫ + yαrr′Hr′
(6)
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While the non-trivial fact that the Lǫ component of [Lα, φα′ ] is gαα′ǫ,
i.e. that (modulo VPD) ζ transforms as a function under VPD (im-
plying in particular that
∫
~pζdMϕ weakly commutes with the φα) was
already noted in [4], we will (with ǫˆab := ρǫab and
∫
f :=
∫
fρd2ϕ)
now prove that
grr′ǫ =
∫
ǫˆabh
a
(r)h
b
(r′)Yǫ (7a)
gαrǫ =
∫
Yαh
a
(r)∇aYǫ (7b)
g˜αα′ǫ =
µǫ − µα − µ
′
α
µαµα′µǫ
gαα′ǫ (7c)
kαǫr = (
1
µα
+
1
µǫ
)gαrǫ (7d)
e˜αα′ǫ = dαα′ǫ +
1
2
(eαα′ǫ − eǫαα′) (7e)
cαα′r =
∫
Yαǫˆ
ab∇aYα′h(r)b (7f)
c˜αrǫ = (
1
µα
−
1
µǫ
)cǫαr (7g)
yαrr′ =
∫
Yαh
c
(r)h(r′)c (7h)
(7a) Integrating by parts with respect to ∇a and using ∇ah
a
(r) = 0
we have
[Hr,Hr′ ] =
∫
(ha(r)∇ah
b
(r′) − (r ↔ r
′))~p∂b~xd
2ϕ
= −
∫
(ha(r)h
b
(r′) − (r ↔ r
′))︸ ︷︷ ︸
ǫabǫcdh
c
(r)
hd
(r′)
∇a(
~p
ρ
∂b~x) = −
∫
ǫˆcdh
c
(r)h
d
(r′)
{
~p
ρ
, ~x
}
︸ ︷︷ ︸
~pα·~xβgαβǫYǫ
= φǫ
∫
ǫˆcdh
c
(r)h
d
(r′)Yǫ (8)
(7b) After decomposing ~p and ~x into Laplace-eigenfunctions, and
using the fact that divergence free vectorfields form a subalgebra, the
commutator [Hr, φα] takes the following form
~pβ · ~xγ
∫
(ǫˆac∇b∂aYαh
b
(r) − ǫˆ
ab∂aYα∇bh
c
(r))Yβ∂cYγ (9)
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Integrating the first term by parts w.r.t. ∇a and using ∇ah
a
(r) = 0
gives (7b)
− ~pβ · ~xγ
∫
∇bYαh
b
(r) ǫˆ
ac∂aYβ∂cYγ︸ ︷︷ ︸
gβγǫYǫ
−~pβ · ~xγ
∫
(ǫˆab∇bh
c
(r)) (∂aYα∂cYγ − (a↔ c))︸ ︷︷ ︸
ǫac{Yα,Yγ}ρ
Yβ
= φǫ
∫
ha(r)∇aYαYǫ (10)
(7c) In order to find the coefficients of φǫ in
[Lα, Lα′ ] =
1
µαµα′
∫
(∇bYα∇b(∇
aYα′)− (α↔ α
′))
~p
ρ
∂a~x (11)
we insert the projector onto divergence-free vector fields (used in [7],
in the mid-eighties, in the proof of classical Lorentz invariance of the
light-cone gauge-fixed description of bosonic M-branes)
F ac (ϕ, ϕ˜) := −
∑
ǫ
1
µǫ
∂cYǫ(ϕ)∂˜
aYǫ(ϕ˜) +
1
ρ
δac δ(ϕ, ϕ˜)
=
∑
ǫ
1
µǫ
ǫˆcc′∂
c′Yǫ(ϕ)ǫˆ
aa′ ∂˜a′Yǫ(ϕ˜) +
∑
r
h(r)c(ϕ)h
a
(r)(ϕ˜) (12)
As ∫
ǫˆaa
′
∇˜a′Yǫ(ϕ˜)~˜p∂a~xd
2ϕ˜ = −
∫
Yǫ ǫˆ
aa′∂a~x∂a′
~p
ρ︸ ︷︷ ︸
=:
{
~x,
~p
ρ
}
= −gǫµν~xµ~pν = −φǫ (13)
one has (in the last step integrating by parts with respect to the inner
∇b)
g˜αα′ǫ = −
1
µαµα′µǫ
∫
(∇bYα∇b(∇
cYα′)− (α↔ α
′))ǫˆcc′∇
c′Yǫ
= −(
1
µα′
+
1
µα
)
1
µǫ
∫
Yαǫˆcc′∇
cYα′∇
c′Yǫ︸ ︷︷ ︸
=gαα′ǫ
+
1
µαµα′µǫ
∫
(∇bYα∇
cYα′ − (α↔ α
′))︸ ︷︷ ︸
{Yα,Yα′}ǫˆ
bc
ǫˆcc′∇b∇
c′Yǫ (14)
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which immediately yields (7c).
(7d) Similarly, the coefficient of Hr is (taking into account the
harmonic part of the projector (12) and integrating by parts with
respect to the inner ∇b )
1
µαµα′
∫
(µα∇
aYα′Yα − (α↔ α
′))h(r)a(ϕ)
−
1
µαµα′
∫
(∇bYα∇
aYα′ − (α↔ α
′))︸ ︷︷ ︸
ǫˆba{Yα,Yα′}
∇bh(r)a(ϕ)
= (
1
µα
+
1
µα′
)gαrα′ (15)
The second term vanishes due to ǫba∇bh(r)a = 0, while the first one
gives the desired result.
(7e) In order to decompose
[Lα, φδ ] =
∫
1
µα
[
ǫˆac∇cYδ∇a∇
bYα −∇
aYαǫˆ
bc∇a∇cYδ
]
~p∂b~xd
2ϕ
≡
∫
fd~p∂d~xd
2ϕ (16)
one simply inserts the completeness relation for vector fields, cp. (12),
obtaining∫ ∫
f c(ϕ)
µǫ
[
∂cYǫ(ϕ)∂˜
dYǫ(ϕ˜) + µǫ
∑
r
h(r)c(ϕ)h
d
(r)(ϕ˜)
]
~˜p
ρ˜
∂˜d~x
+
∫ ∫
f c(ϕ)
µǫ
[
ǫcc′∂
c′Yǫ(ϕ)ǫ
dd′∂d′Yǫ(ϕ˜)
] ~˜p
ρ˜
∂˜d~x (17)
So the coefficient of φǫ is
1
µαµǫ
∫
(∂aYǫ
[
∇bYα∇b∇aYδ +∇
bYδ∇a∇bYα
]
︸ ︷︷ ︸
∇a[...]
−∇bYǫ∇bYδ∆Yα)
=
1
µα
∫
∇bYαYǫ∇bYδ +
1
µǫ
∫
∇bYǫYα∇bYδ
= dαδǫ +
1
2
(eαδǫ − eǫαδ) (18)
And the coefficient of Lǫ
5
1µα
∫
Yǫ(∇c∇
bYα ˆǫca∇b∇aYδ +∇
bYαǫˆ
ca∇c∇b∇aYδ︸ ︷︷ ︸
ǫˆac∇bYαRadcb∇dYδ
−ǫˆac∇a∇
bYα∇b∇cYδ − ∇b∇a∇
bYαǫˆ
ac∇cYδ︸ ︷︷ ︸
(−Rab∇b+∇a∆)Yα ǫˆac∇cYδ
) = gαδǫ (19)
where we used the simple form of the Riemann tensor in two dimen-
sions Rabcd = K(gacgbd − gadgbc), where K is the Gaussian curvature;
so the second term is canceled by the Rab part of the last term, the
first term is cancelled by the third one and the remaining part is ex-
actly gαδǫ.
(7f) The coefficient of Hr in [Lα, φδ] is (integrating both terms by
parts w.r.t. ∇a and using that ǫ
ab∇ah(r)b = 0)∫
f bh(r)b =
1
µα
∫
(ǫˆac∇cYδ∇a∇
bYα − ǫˆ
bc∇aYα∇a∇cYδ)h(r)b
= −
∫
ǫˆbah(r)a∇bYαYδ (20)
(7g,7h) In order to determine the coefficients of Lǫ, φǫ and Hr′ in
[Lα,Hr] we do the following
[Lα,Hr] =
~pβ · ~xγ
µα
∫
(∇aYα∇ah
(r)b − h(r)a∇a∇
bYα)Yβ∂bYγ
= −
~pβ · ~xγ
µα
∫
(∇aYαh
(r)b − h(r)a∇bYα)︸ ︷︷ ︸
ǫˆabǫˆcd∇cYαh
(r)
d
∇a(Yβ∂bYγ)
︸ ︷︷ ︸
1
µα
cǫαrφǫ
−
1
µα
∫
∆Yαh
b
(r)
~p
ρ
∂b~x (21)
where we integrated by parts w.r.t. ∇a. The first term gives a contri-
bution to the coefficient of φǫ directly, while the second one necessi-
tates a bit more work. After inserting the completeness relation (12)
6
we are left with three terms proportional to Lǫ, φǫ and Hr∫
Yαh
c
(r)∂cYǫ︸ ︷︷ ︸
gαrǫ
Lǫ (22)
−
1
µǫ
∫
Yαh
c
(r)ǫcc′∂
c′Yǫ︸ ︷︷ ︸
− 1
µǫ
cǫαr
φǫ (23)
∫
Yαh
c
(r)h(r′)c︸ ︷︷ ︸
yαrr′
Hr′ (24)
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